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Theoretical Analyses of Lightpath Blocking Performance in
CO-OFDM Optical Networks with/without Spectrum Conversion

Limei Peng, Chan-Hyun Youn, Memeber, IEEE, and Chunming Qiao, Fellow, IEEE

Abstract—This paper provides the first analysis of the impact
of spectrum conversion on the lightpath blocking performance in
the CO-OFDM optical networks. Two analytical models for the
cases of using and not using spectrum convertors are developed
for an H-hop end-to-end lightpath and a network, respectively.
Numerical results show that the use of spectrum convertors can
significantly improve the lightpath blocking performance.

Index Terms—CO-OFDM, spectrum assignment, spectrum
continuity, spectrum conversion, lightpath blocking.

I. INTRODUCTION

NOVEL optical transmission technology, called Coher-
ent Optical Orthogonal Frequency Division Multiplexing
(CO-OFDM) [1], has emerged as an attractive and promising
solution for the future optical transport networks in tackling
the disadvantage of low spectrum efficiency in traditional
WDM networks. As one of the major advantages, the CO-
OFDM technology is not subject to the constraint of the fixed
frequency grids, and shows great potential in improving spec-
trum utilization and flexibility in provisioning variable net-
work bandwidth. Lots of research has applied the CO-OFDM
technology to the optical transport network. A novel net-
work configuration called Spectrum-Slice Elastic Optical Path
(SLICE) Network was proposed in [2]. This bandwidth-elastic
network configuration can provision capacity for an optical
channel at arbitrary data-rates, ranged from sub-wavelength
to super-wavelength granularities. Various schemes on rout-
ing and spectrum assignment (RSA) were developed for the
SLICE networks [3]. The concept of bandwidth squeezing
used for network recovery was proposed in [4]. Finally,
Shen et al. [5] compared two spectrum operational modes,
namely mini-grid and gridless to find that a network operated
under the mini-grid model can achieve almost the same good
performance as that of the gridless operational mode.
However, most of the existing studies on the bandwidth-
elastic optical networks have been performed under the as-
sumption of continuous lightpath spectrum. Very few works
have considered the benefit of using spectrum convertors
as that of using wavelength convertors in the traditional
WDM networks [6, 7]. In a bandwidth-elastic optical transport
network, the use of spectrum convertors is expected to show
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similar benefits in improving network performance, especially
when network resources (i.e., channel spectrum) are divided
into much finer granularities, which makes the allocation even
more flexible. However, to the best of our knowledge, the
benefit of spectrum conversion has not yet been well-explored
for the bandwidth-elastic CO-OFDM optical networks.

Spectrum conversion can be realized by O/E/O process as
described in [8]. The functionality of spectrum conversion may
increase the complexity of the CO-OFDM node architecture
and introduce an additional cost. However, there exists a great
potential for significantly improving the network performance.
This paper focuses on numerically evaluating how the ca-
pability of spectrum conversion can affect the performance
of dynamic lightpath service provisioning in the CO-OFDM
networks. Note that spectrum conversions always happen on
continuous spectrum slots that are assigned to lightpath re-
quests whenever needed. The current research problem is more
challenging than the one in the traditional wavelength-routed
networks. For instance, to successfully establish a lightpath
that traverses H hops and requires S spectrum slots, only one
free wavelength channel is needed on each of the H hops
in the traditional wavelength-routed optical networks, as long
as the wavelength bandwidth is larger than S spectrum slots.
In contrast, in the CO-OFDM networks, to establish such
a lightpath, S(> 1) continuous free spectrum slots must be
found on all the H hops. Moreover, if there is no spectrum
conversion capability within the network, the same S free
continuous slots must be guaranteed on all the H links, making
the spectrum assignment more complicated. Therefore, we
develop analytical models to evaluate the lightpath provision-
ing performance for the cases of with and without spectrum
conversion. The models can provide a valid evaluation on the
benefit of using spectrum convertors in the bandwidth-elastic
CO-OFDM networks.

II. ANALYTICAL MODELS FOR AN H-HOP LIGHTPATH

In this section, an analytical model for an H-hop end-to-end
lightpath is presented. Two cases including with and without
spectrum conversion are considered and compared. In the
former case, each node is equipped with spectrum convertors
and is able to convert the spectrum of a lightpath to any
other spectrum. In the latter case, nodes have no spectrum
conversion capability and each provisioned lightpath has to
obey the constraint of spectrum continuity.

We first illustrate three important concepts: Spectrum-slot
Chain (SC), Spectrum Band (SB), and Spectrum-slot Chain
Band (SCB). A SC is a chain of spectrum slots that span
several continuous links, on which each has a spectrum slot at
the same central frequency/color; a SB is a band that contains
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several consecutive spectrum slots on a single fiber link; a
SCB is a two-dimensional concept, defined to be a band of
continuous spectrum-slot chains.

A. Analytical models for an H-hop lightpath

On each of the links of the H-hop end-to-end lightpath,
we assume there are a total of F spectrum slots. In addition,
the number of required spectrum slots per lightpath request is
assumed to be S and the idle probability of each spectrum slot
is assumed to be given as p.

The blocking probability of a lightpath is co-determined
by the occupation status (i.e., busy or idle) of spectrum slots
on each link, and the number of required spectrum slots by
the lightpath. For the analytical models, we first define the
following notations: 1) Pgc: denotes the idle probability of
a Spectrum-slot Chain (SC); 2) Psp(S, F): denotes the idle
probability of an S-spectrum slot (S-slot in short) Spectrum
Band (SB) on an F-slot link; 3) Pscp(S, F): denotes the
idle probability of an S-slot Spectrum-slot Chain Band (SCB)
when the total number of spectrum slots on each link is
F; 4) Ppp(S): denotes the blocking probability of an S-
slot lightpath. Based on the above assumptions and notations,
we present the analytical models with and without spectrum
conversion.

For the case of with spectrum conversion, to successfully
establish a lightpath, we need to ensure each of the fiber
links traversed by the lightpath to have at least S continuous
spectrum slots. Thus, the blocking probability of a lightpath
request, i.e., Pr,p(S), can be calculated as

PLP(S) =1- HH:ZG

where H : | € H means that the hop traversed by link / of the
lighpath and [];;.,c z Psp(S, F) means that a free SB with §
spectrum slots can be found on each of the H hops.

The probability that a free S-slot SB can be found on a link
with a total of F spectrum slots, i.e., Psp(S, F'), is a function
of the total number of spectrum slots F, the required number
of continuous spectrum slots S, and the idle probability of each
spectrum slot p. If we consider the idle-or-occupied status of a
spectrum slot as the head-or-tail status of a coin and the total
number of spectrum slots as the total number of tosses, then
the probability of finding at least S continuous idle spectrum
slots out of a total of F slots is equivalent to the probability
of obtaining at least S continuous heads (or tails) among an
F-time tossing event.

For the above tossing problem, the probability of obtaining
at least S continuous heads (or tails) among a total of F-time
tossing event, denoted as Psp(S, F'), can be calculated as (2)

[9]

,Ps8(S, F) =1—= Psp(S, A RC))

Psp(S, F) = ZS

P E=p A -p) 49" @)

where p is the probability of tossing a head (or tail). We
can use equation (2) to compute the probability of finding at
least S continuous idle spectrum slots out of the F spectrum
slots on a link. In addition, Psp (S, F — j) is a iterative term
to compute the probability of obtaining at least S continuous
heads (or tails) among a (F-j)-time tossing event, which is

IEEE COMMUNICATIONS LETTERS, VOL. 17, NO. 4, APRIL 2013

equivalent to the probability of finding at least S continuous
free slots out of a total of F-j free slots (F' — j > .5).

For the case of without spectrum conversion, we can
extend (2) from a link to an end-to-end path. Specifically, we
first find the idle probability of a specific SC, and then apply
(2) by treating an SC along a path as a spectrum slot on a
link. Given the idle probability of a spectrum slot on a link
as p, the probability that a spectrum-slot chain is available is

Psc =], »=0" 3)

Next, if the term p in (2) is substituted with Pge in (3),
we can obtain the probability that S identical continuous
spectrum slots are available on each of the links along an
H-hop lightpath as (4). Finally, the blocking probability of an
S-slot H-hop lightpath is given by (5).

S .
Psos(S,F) = Pscs(S,F—j)Pic' (1~ Psc)+Pc (4)
i
Prp(S)=1— Pscp(S, F) (%)

B. Preliminary numerical results for an H-hop lightpath

Assume the spectrum slot utilization is p, (equivalently, the
idle probability of a spectrum slot is p = 1 — py), and each
fiber link consists of 400 SGHz spectrum slots. The impacts
of different numbers of hops and required spectrum slots per
lightpath on the lightpath blocking performance are evaluated
for the above two H-hop analytical models.

Under the condition of full spectrum conversion, Fig. 1(a)
shows the impact of the number of lightpath hops on the
lightpath blocking performance. The number of spectrum slots
per lightpath connection is 5, i.e., S=5. The x-axis shows the
spectrum slot utilization py. It is interesting to see that under
different numbers of lightpath hops, i.e., 4, 5 and 10, the
lightpath blocking probabilities are very close. This implies
that with the full spectrum conversion capability, the lightpath
blocking performance is not sensitive to the number of hops
traversed by a lightpath. In Fig. 1(b), for a 4-hop lightpath,
when the number of spectrum slots per lightpath increases
from 4 to 6, it is interesting to see that the lightpath blocking
performance is changing dynamically. This is reasonable since
a larger number of spectrum slots means that more network
resources are required by each lightpath.

Under the condition of no spectrum conversion capability,
Fig. 2(a) shows the effect of different number of lightpath
hops on the lightpath blocking performance. The number of
required spectrum slots is set to be 5 for each lightpath and
the numbers of hops change from 4 to 6. Different from the
case of full spectrum conversion, we see that the number
of lightpath hops demonstrates a much stronger impact on
the lightpath blocking performance. This is attributed to the
constraint of spectrum continuity, which requires all the fiber
links traversed by a lightpath to use the same spectrum slots.
It is generally more difficult for a longer lightpath to satisfy
such a requirement. Similar to the case of with full spectrum
conversion, for a 3-hop lightpath, with an increasing number of
spectrum slots from 3 to 5 in Fig. 2(b), the lightpath blocking
probability increases dramatically.
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Fig. 1. (a) Lightpath blocking probability under different lightpath hops

(with spectrum conversion). Number of spectrum slots per lightpath con-
nection = 5; (b) Lightpath blocking probability under different numbers of
required spectrum slots (with spectrum conversion). Number of lightpath hops
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Fig. 2. (a). Lightpath blocking probability under different lightpath hops
(without spectrum conversion). Number of spectrum slots per lightpath
connection = 3; (b). Lightpath blocking probability under different number of
required slots (without spectrum conversion). Number of lightpath hops = 3.

IIT. ANALYTICAL MODELS FOR A NETWORK

To present the analytical model of a network, the following
additional notations are required: 1)PL (S, F): denotes the
idle probability of an S-slot SB on link 1 with a total number
of F spectrum slots; 2) Pé%: denotes the idle probability of
a SC on route R; 3) P&, (S, F): denotes the probability that
an S-slot SCB is available on route R when the number of
total spectrum slots on each link is F; 4) Pr(S): denotes the
blocking probability of S-slot lightpath on route R; 5) Lr(S):
denotes the offered S-slot lightpath traffic load on route R;
6) Pn(S): denotes the average blocking probability of S-slot
lightpath in the whole network.

A. Analytical model for CO-OFDM network with spectrum
conversion

In the previous model for an H-hop end-to-end lightpath, the
spectrum slot utilization is assumed to be given. For the net-
work analytical models, this parameter is derived from other
given parameters, including 1) a network physical topology;
2) a traffic load matrix which reflects the traffic load (in
Erlangs) between each node pair (based on which Lz(S) can
be derived); and 3) the total number of spectrum slots on
each fiber. In addition, different from the scenario of a single
lightpath, as the traffic demands exist on different node pairs
in the network, the spectrum resources on each fiber link can
be contended by different lightpath demands from different
node pairs. Thus, modeling the lightpath blocking performance
under the network environment is much more complex. The
model for a single H-hop lightpath can however function as an
intermediate step in calculating the network lightpath blocking
probability.

Again, assume the total number of spectrum slots on each
fiber link is F' and the required number of slots per lightpath
request is S. Since the total traffic carried by the established
lightpaths does not exceed the total link capacity, the spectrum
slot utilization probability p! and spectrum slot idle probability

p; on link [ are calculated as

o= > rucr Lr(S)(1 — Pr(S))
s F

Cnien S0 PulS)

where R, R : | € R, is the set of routes that traverses
link /. As Lg(S) is the offered load on route R, the term
Lr(S)(1 — Pgr(S)) calculates the carried load on route R
and ) pucp Lr(S)(1 — Pr(S)) calculates the total traffic
load carried on link /, which can be considered as occupied

spectrum resources on the link by all the routes traversing it.
Y nien LR(S)(1—Pr(S))

(6)

p=1-p=1-

Thus, the term = calculates the average
carried load on each spectrum slot, which is equivalent to the
average spectrum slot utilization.

Given the idle probability of each spectrum slot computed
by (7), the calculation of S-slot SB availability on link /, i.e.,
PéB (S, F), is the same as (2) by replacing p with p;, and is
given by (8). Thus, the lightpath blocking probability on route
R is given by (9).

s . .
Pép(S,F) = ijlpéB(SvF =Pl (A =p)+p 8)

B Hl:leRP‘éB(S’ F) ©)

where [],,cr PLp(S, F) is the probability that a free S-slot
SB can be found on each of the links along route R. Finally,
the network average lightpath blocking probability is

_ 2 rLr(S)Pr(5)
> rLr(S)

An iterative process is applied to calculate the above equa-
tions and find a final network lightpath blocking probability.
We use a relaxation method [6] for the iterative calculation.
The steps of the iterative process are as follows:

Step 1. Assign a random initial value between O and 1.0
to Pr(S)(® and use it to calculate (6) and (7) to obtain pl(o),
where the superscript of each term is the index of iteration.

Step 2. According to pl(o), calculate (8), (9), (10) to get
Py (S, F)”, Pr($)W, Py(5)O.

Step 3. Start the iterative process and use the obtained
Pr(S)M to calculate (6), (7), and then (8), (9), (10) for
n times to obtain pl(”_l), and then obtain Pl (S, F)("—1),
Pr(S)™, Py (S)™),

Step 4. If the difference between Py (S)(™) and Py (S)("—1)
is smaller than a pre-defined small threshold value, the iter-
ative process stops, which means that the network blocking
probability converges to a stable value. Otherwise, increase
the iteration index n by one and go back to Step 3 to continue
the iterative process.

Pr(S) =1

Py (S5) (10)

B. Analytical model for CO-OFDM network without spectrum
conversion

In this section, we consider the theoretical model for a
network without spectrum conversion capability. The spectrum
slot utilization probability p’ and the spectrum slot idle prob-
ability p; on link / are calculated by (6) and (7), respectively.
Based on the found spectrum slot idle probability p; and under
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Fig. 3. (a) Lightpath blocking probability under different lightpath hops
(with spectrum conversion). Number of spectrum slots per lightpath con-
nection = 5; (b) Lightpath blocking probability under different numbers of
required spectrum slots (with spectrum conversion). Number of lightpath hops
=4,

the constraint of spectrum continuity, we can calculate the idle
probability of a SC on route R as (11). According to (4), we
can further find the probability that an S-slot SCB is available
on route R, i.e., P 5(S, F) as (12). The lightpath blocking
probability on route R is given by (13).

Pso =11, (11)

s , -1 s
Piop(S,F) = ijlPSRCB(Sa F—j)P§e’ (1-P&)+ P

12)

Pr(S) =1— P& 5(S, F) (13)

Finally, the network average lightpath blocking probabil-
ity is calculated by (10), and a similar iterative calculation
process as previously is applied to find the network blocking
probability for the case of without spectrum conversion.

Note that the above two models are approximate, as we
assumed that the blocking probability of each spectrum slot is
the same. A more accurate assumption is that on each link, the
spectrum slots located in the middle of the SB may have the
same blocking probability, but the spectrum slots near the two
ends of the SB may have a lower utilization. For this and other
reasons, the results obtained from these approximate models
may not match well with those from simulations. Nevertheless,
similar to the rationale for developing an approximate model
in [7], we believe approximate analytical models are not only
unavoidable but also still useful as a tool to evaluate the
benefits of spectrum convertors.

C. Numerical Results

Two types of CO-OFDM networks, namely with and with-
out spectrum conversion capabilities, are compared in the
terms of lightpath blocking probabilities. Assume there are
400 5GHz spectrum slots on each fiber link, and for each test
point, the required number of spectrum slots by each lightpath
request is the same. We employed the 14-node 21-link NSF
network [6] as our test network and Dijkstras algorithm to find
a fixed shortest route for each node pair.

Fig. 3(a) compares the cases of with and without spectrum
conversion under different lightpath traffic demands when the
number of required spectrum slots per lightpath is 5. It can
be seen that the network performance for the case with full
spectrum conversion (i.e., WithSC) is much better than that
of the case of without spectrum conversion (i.e., WithoutSC).
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Under the same lightpath blocking probability saying 1%, the
network with spectrum conversion can carry about 3.1 Erlang
traffic load, while the case of without spectrum conversion can

carry only about 1.75 Erlang traffic load. From the network
perspective, this verifies that using spectrum convertors can
significantly improve the network spectrum utilization and
lightpath service provisioning performance. Fig. 3(b) shows
the network lightpath blocking probabilities versus the number
of required spectrum slots. Again, it can be seen that using
spectrum convertors can significantly improve network light-
path blocking performance. Specifically, when the number of
spectrum slots is the same, the lightpath blocking probability
of the case with spectrum conversion under even high traffic
load (i.e., when load = 2.2 and 2.0) is almost much lower
than that of the case without spectrum conversion under much
lower traffic load (i.e., when load = 1.5 and 1.3).

IV. CONCLUSION

In this paper, we have evaluated the benefit of spectrum
conversion in the context of a bandwidth-elastic CO-OFDM
optical transport network. Two analytical models have been
developed to provide quick estimates of the lightpath blocking
performance for the cases of using and not using spectrum
convertors, respectively. The numerical results obtained from
the models have shown that the use of spectrum convertors
can significantly improve lightpath blocking performance and
network spectrum resource utilization.
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